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Abstract The series expansion formulae in terms of complete orthonormal sets of
W*-exponential type orbitals introduced by the author are derived for the two-center
charge densities of integer and noninteger n generalized exponential functions. The
expansion coefficients arising in these relations are the multicenter overlap integrals
of three W¥-functions. The charge density expansion formulae obtained are utilized
for the evaluation of multicenter multielectron integrals appearing in the Hartree—
Fock—Roothaan and explicitly correlated theories when the generalized exponential
type orbitals are employed as basis functions.

Keywords Generalized exponential functions - W“-Exponential type orbitals -
Charge densities - Multicenter multielectron integrals

1 Introduction

It is well known that the Slater and Gaussian type orbitals (STO and GTO) introduced
in Refs. [1-3] are not orthogonal with respect to the principal quantum numbers that
creates some difficulties arising in the solution of different atomic and molecular
problems when the Hartree—Fock—Roothaan (HFR) and explicitly correlated theo-
ries are employed. Thus, the necessity for using the complete orthonormal sets of
W-exponential type orbitals (U“-ETO) arises in the atomic and molecular electronic
structure calculations [4]. The aim of this paper is to derive the formulae for the
expansion of integer and noninteger n generalized exponential type orbitals (GETO)
charge densities in terms of W*-ETO and to evaluate the multicenter multielectron inte-
grals over GETO. We notice that the method used in this work is the development of
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previous paper [5] in which the formulae for expansion and multicenter multielectron
integrals over integer and noninteger n STO have been established.

2 Definitions and basic formulas

The two-center charge densities and multicenter multielectron integrals examined in
this work have the following form:
charge density of ¢*“-GETO

p:*p/* (§7 7&7 é‘/a FL‘) = (pz* (é’a ;a) (p;/* ¥ (§/7 76)7 (1)

multicenter multielectron integrals with ¢*-GETO

I/cacbd...ef
5 * K
PiPy PADS o Ds* DS

. L, ..
=/F“)p"if o (C1 Fats €1 Fet) P5, e (820 Fo2s €5, Fa2)
PPy PP

P;?P;* (é‘s: ?es;gs/’;fs)dvldUZ'ndvs’ (2)

(€18 0285, - &6E))

s s
where p* = n*lm, p" =n"l'm', p} = n}

F® is the arbitrary s-electron operator (see, e.g., Refs. [6-8]). Here, the q);* (g , Fg)
are the normalized GETO with noninteger n* or integer n (for n* = n) principal
quantum numbers which are centred on the nuclei g(g = a,c,b,d, ..., e, f) and
k > 0. These functions are defined by [9]
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where I'(x) and S;,,(0, ¢) are the gamma function and the complex (S, = Yi)
or real spherical harmonics, respectively. It should be noted that our definition of
phases for the complex spherical harmonics (Y;; = Y;_,) differs from the Condon-
Shortley phases [10] by sign factor (—1)". In a previous paper [11] we have investi-
gated the efficiency of nonintegern  ¢*-GETO in energy calculations for some atoms.
As stated above, the ¢ -GETO are not orthogonal with repect to the principal quantum
numbers, i.e.,

(6)
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The special cases of ¢*-GETO for « = 1 and k = 2 correspond to the STO and GTO,
respectively, i.e.,

1
2

Kot (G, F) = @l (€.7) = 20)" 3 [T @n*+1)] e S0, 9)

(N

Guotm (8, 7) = Qg (8. 7) = [2 @1 /T (2” = 1)] e S0, ).
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The normalized ¢*-GETO, x-STO and G-GTO with integer principal quantum
numbers can be obtained from Eqs. 3, 7 and 8 for n* = n, where n is an integer.

In the present paper, we report applications of complete orthonormal sets of W¢-
ETO determined by [4]

1/2
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to the study of charge densities and multicenter multielectron integrals of ¢“-GETO.

Herew« =1,0,—-1,-2,..,p=2l42—-a,g =n+1+1—aand x = 2¢r;
L,’; (x) are the generalized Laguerre polynomials [12]. The W*-ETO are orthonormal
with respect to the weight function (n/¢r)%,

/ nlm(é‘ r) lI/n’l’ / (§ V)d F= Snn’all’Smm , (10)
where
W (. 7) = (/) WE, (£, 7). (11)

3 Expansions of ¢ -charge densities

For the evaluation of multicenter multielectron integrals of ¢*-GETO, we first obtain
the general expansion formulae for the two-center ¢*-GETO charge densities in terms
of W¥-ETO at a third center. Taking into account Eqs.9-11 and the properties of
W*-ETO we obtain:

—_
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where ¢ = pvo,z =¢ + ¢’ and
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Using equations

P (. 7) = Z @ (OwY (£, 7) (14)
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we obtain for the expansion coefficients “ W the following relation in terms of three-
center overlap integrals of W¥-ETO:

“week, (& Z Z D, (@ (€)Speh (6.02). (A7)
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where B = g5, q1 = palm, qj = pjl'm’, 7y = 7,7q = — Rpa, T'e = 7 — Rpc and

Sy (¢.¢.2) = Var / (€. F)WE (8, Fe) Wy (2. ) dF

= Vax / Vo (6.7 = Roa ) WS (¢.7 = Roe) ¥ (2 7) dF.
(18)

Thus, the ¢*-charge densities are expressed through the multicenter overlap integrals
of three W¥-ETO. See Ref. [13] for the exact definition of coefficients NZ[ and y/
occurring in Eq. 15.

In special cases of x = 1 (for STO) and ¥ = 2 (for GTO), the integral I};‘,f;’ ©)
occurring in Eq. 15 can be reduced to the following analytical relations (see Ref. [12]):

@)y =rm*+1—a+s+2) (19)
120(1 (é-) (2@-)7(71 +l—a+s+2) F(n* +l —at+s+ 2)624/16
XD y1-ats+2) (V28 /2), (20)

where D_,, is the parabolic cylinder function [14].
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We notice that, when n* is restricted to be an integer (n* = n), the expansion
coefficients 522‘}! (¢) for « = 1 have a form

@ fori+1<pu<n

—lal nu.
W@ = foru <l+1,u>n. @D

See Ref. [4] for the exact definition of @
In order to evaluate the multicenter overlap integrals of three W“-ETO we use the
following one-range addition theorems [15]:
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where k = uvs, égh = 2{11,;, and
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(23)

The formulae for the two-center overlap integrals E‘;k (6’ gh) are presented in [15].

Using Eq.22 in 18 we obtain for overlap integrals of three W*-ETO the following
relations through the overlap integrals with two W*-ETO:
for three-center cases (@ =£ b,a =t c,c = b)
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for two-center cases (a £ b,az#c,c =b;a=b,a=c)
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for one-center case (a = b = ¢)
Sernt (¢ 2) = 80, (6.8 2) = @ B (¢, 2), (26)
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where k = uvs, k' = u'v's’, Gap = 2{13@, é’cb = 24“’1301, and
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See Ref. [13] for the exact definition of coefﬁcientsBZg, (g“, Z/, z).

4 Expression for multicenter multielectron integrals of ¢*“-GETO

In order to evaluate the 2s-center multielectron integrals we use Eq. 12 for all the
¢"-charge densities which occur in Eq. 2. Then, we obtain the following expression in
terms of the expansion coefficients “ W*and the one-center s-electron basic integrals:
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where 1 < u; <00,0<v;, <uj—1,—v; <o; <v; and 1 <i <s.The one-center
s-electron basic integrals are defined as

o
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Now we use the relation [4]

W, (G F) = D @ X (&), (30)

n=Il+1

where x,um (¢, 7) are the STO. Then, Eq. 29 can be expressed through the one-center
s-electron basic integrals of STO (see Ref. [5]). The formulas presented in our previous
papers for the multicenter integrals of STO can be also used to calculate multicenter
multielectron integrals over complete orthonormal sets of W*-ETO.

Thus, by the use of the series expansion formulae for multicenter multielectron
integrals of ¢*-GETO presented in this study, one can calculate all the multielectron
molecular integrals arising in the determination of various properties for a given mol-
ecule when the complete orthonormal sets of W¥-ETO are used in HFR and explic-
itly correlated theories. We notice that the two- and three-center overlap integrals
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with three W*-ETO appearing in expansion coefficients “ W can be calculated using
two-center ovelap integrals of two STO for the computation of which efficient com-
puter programs are available in our group (see Ref. [16] and references quoted therein
to our papers for overlap integrals of STO).
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